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♦❢ ♣r❛❝t✐❝❡ ❈❤✐❛ss♦♥ ❛♥❞ ▲♦✐s❡❛✉ ❬✸❪✱ ❊r♥❡✉① ❬✻❪✳ ❆♥❛❧②s✐s ♦❢ st❛❜✐❧✐t② ✐♥ t❤❡s❡
s②st❡♠s ✐s ❝♦♠♣❧✐❝❛t❡❞ ❘✐❝❤❛r❞ ❬✶✻❪✱ t❤❡ ♠♦st ♦❢ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❞❡❛❧ ✇✐t❤
❧✐♥❡❛r t✐♠❡✲❞❡❧❛② ♠♦❞❡❧s✱ ✇❤❡r❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❤❛✈❡
❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ●✉ ❡t ❛❧✳ ❬✼❪✱ ❍❛❧❡ ❬✽❪✱ ❑♦❧♠❛♥♦✈s❦② ❛♥❞
◆♦s♦✈ ❬✶✶❪✳ Pr✐♦r t♦ ◆✳◆✳ ❑r❛s♦✈s❦✐✐✬s ♣❛♣❡rs ♦♥ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧s ❛♥❞ ❇✳❙✳
❘❛③✉♠✐❦❤✐♥✬s ♣❛♣❡rs ♦♥ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥s✱ ▲✳❊✳ ❊❧✬s❣♦❧✬ts ✭s❡❡ ❊❧✬s❣♦❧✬ts ❛♥❞
◆♦r❦✐♥ ❬✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮ ❝♦♥s✐❞❡r❡❞ t❤❡ st❛❜✐❧✐t② ♣r♦❜❧❡♠ ♦❢ t❤❡ s♦❧✉✲
t✐♦♥ x(t) ≡ 0 ♦❢ t✐♠❡✲❞❡❧❛② s②st❡♠s ❜② ♣r♦✈✐♥❣ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ t → V (x(t))
✐s ❞❡❝r❡❛s✐♥❣✳ ❍❡r❡ V ✐s s♦♠❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥✳ ❍❡ s❤♦✇❡❞ t❤❛t ✐t ✐s ♦♥❧②
♣♦ss✐❜❧❡ ✐♥ s♦♠❡ r❛r❡ s♣❡❝✐❛❧ ❝❛s❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❛r❡ t✇♦ ❣❡♥❡r✐❝ ♠❡t❤♦❞s
❢♦r st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐♥ t✐♠❡✲❞❡❧❛② s②st❡♠s✿ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❛♣♣r♦❛❝❤ ❛♥❞
▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ♠❡t❤♦❞✳ ❚❤❡ ❢♦r♠❡r ♦♥❡ ✐s ❜❛s❡❞ ♦♥ ❛♥❛❧②s✐s ♦❢ ❞❡r✐✈❛✲
t✐✈❡ ❢♦r ❛ ❢✉♥❝t✐♦♥❛❧✱ ❛♥❞ ✐t ♣r♦✈✐❞❡s q✉❛❧✐t❛t✐✈❡ ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s ♦♥
Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❆♣r✐❧ ✸✵✱ ✷✵✶✹
t❤❡ s②st❡♠ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❞❡r✐✈❛t✐✈❡ ❛♥❛❧②s✐s ♦❢
❛ ❢✉♥❝t✐♦♥ ❛♥❞✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✱ ✐t ❣✐✈❡s ♠❛✐♥❧②
❛ q✉❛❧✐t❛t✐✈❡ ❝♦♥❝❧✉s✐♦♥ ✭st❛❜✐❧✐t②✴✐♥st❛❜✐❧✐t② ♦❢ ❛ t✐♠❡✲❞❡❧❛② s②st❡♠ ❝❛♥ ❜❡ ❞❡✲
t❡❝t❡❞ ✇✐t❤♦✉t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✱ s❡❡ ❚❤❡♦r❡♠ ✶ ❜❡❧♦✇✮✳
■t ✐s ❢r❡q✉❡♥t❧② ✐♠♣♦rt❛♥t t♦ q✉❛♥t✐❢② t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ s②st❡♠✿
❡①♣♦♥❡♥t✐❛❧✱ ❛s②♠♣t♦t✐❝✱ ✜♥✐t❡✲t✐♠❡ ♦r ✜①❡❞✲t✐♠❡ ✭s❡❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ❘♦①✐♥ ❬✶✼❪✱ ❉♦r❛t♦ ❬✹❪✱ ▼♦✉❧❛② ❛♥❞ P❡rr✉q✉❡tt✐
❬✶✸❪✱ ◆❡rs❡s♦✈ ❡t ❛❧✳ ❬✶✹❪✱ P♦❧②❛❦♦✈ ❬✶✺❪✮✳ ❋r❡q✉❡♥t❧②✱ t❤❡ ❤♦♠♦❣❡♥❡✐t② t❤❡♦r② ✐s
✉s❡❞ t♦ ❡✈❛❧✉❛t❡ ✜♥✐t❡✲t✐♠❡ ♦r ✜①❡❞✲t✐♠❡ st❛❜✐❧✐t② ✐♥ t❤❡ ❞❡❧❛②✲❢r❡❡ ❝❛s❡ ❇❤❛t
❛♥❞ ❇❡r♥st❡✐♥ ❬✷❪✱ ❆♥❞r✐❡✉ ❡t ❛❧✳ ❬✶❪✱ P♦❧②❛❦♦✈ ❬✶✺❪✿ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ❛ s②st❡♠ ✐s
❣❧♦❜❛❧❧② ❛ttr❛❝t✐✈❡ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ♥❡❣❛t✐✈❡ ❞❡❣r❡❡✱ t❤❡♥ ✐t ✐s ✜♥✐t❡✲t✐♠❡
st❛❜❧❡✳ ❚❤❡r❡ ✐s ❛ r❡❝❡♥t ✐♥t❡r❡st t♦ ❛♥❛❧②s✐s ♦❢ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ❜❡❤❛✈✐♦r ❢♦r
t✐♠❡✲❞❡❧❛② s②st❡♠s ❑❛r❛❢②❧❧✐s ❬✾❪✱ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪✱ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪✳
❚❤❡ ♣❛♣❡r ❑❛r❛❢②❧❧✐s ❬✾❪ ♣r♦♣♦s❡s ❞❡s✐❣♥ ♦❢ ❛ ❝♦♥tr♦❧✱ ✇❤✐❝❤ ✐♠♣❧✐❝✐t❧② ❝♦♥t❛✐♥s
s♦♠❡ ♣r❡❞✐❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ❣❛✐♥s ✐♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡
t❤❡ ❞❡❧❛② ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ❛♥❞ ❣✉❛r❛♥t❡❡ ❛ ❦✐♥❞ ♦❢ ✜♥✐t❡✲t✐♠❡
st❛❜✐❧✐t② ❢♦r t❤❡ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪ ✐s ❣✐✈❡♥
✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❜❡❧♦✇✿ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ❢♦r ❛ ❢✉♥❝t✐♦♥❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✜♥❞ ❛ ▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❢✉♥❝t✐♦♥❛❧
V (φ) ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❛ ❝❡rt❛✐♥ ♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❢✉♥❝t✐♦♥❛❧ V (φ) ✐ts❡❧❢ ✭✐t ✐s ❛ ♠♦r❡ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥ t❤❛♥ ✐♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧
▲②❛♣✉♥♦✈✲❑r❛s♦✈s❦✐✐ ❛♣♣r♦❛❝❤✱ ✇❤❡r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ |φ(0)| ✐s r❡q✉✐r❡❞✮✳ ❨❛♥❣
❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪ ❜❛s❡ t❤❡✐r st✉❞② ♦♥ t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❛♣♣r♦❛❝❤✱
t❤❡② ❝❧❛✐♠ ✐♠♣r♦✈❡♠❡♥ts ♦✈❡r ❡❛r❧✐❡r r❡s✉❧ts✳
■♥ t❤✐s ♥♦t❡✱ ✇❡ ❛r❣✉❡ t❤❛t s♦♠❡ ❦❡② r❡s✉❧ts ✐♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪ ❛r❡
✐♥❝♦rr❡❝t ❛s st❛t❡❞✱ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ♥❡✇ ✐♥s✐❣❤t ♦♥ t❤❡ ❢❡❛t✉r❡s ♦❢ ✜♥✐t❡✲t✐♠❡
st❛❜✐❧✐t② ❢♦r t✐♠❡✲❞❡❧❛② s②st❡♠s✳ ❚❤❡ ❊❧✬s❣♦❧✬ts✬ ❛r❣✉♠❡♥ts ❛r❡ r❡❝❛❧❧❡❞✳
❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ✇♦r❦ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣r❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ ✜♥✐t❡✲
t✐♠❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t✐♠❡✲❞❡❧❛② s②st❡♠s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❆ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ t♦ ❛ ❦❡② r❡s✉❧t ✐♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞
✐♥ ❙❡❝t✐♦♥ ✸✳ ❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ❢♦r ❛ ❝❧❛ss ♦❢ t✐♠❡✲
❞❡❧❛② s②st❡♠s ❛♥❞ s♦♠❡ s✉♣♣❧❡♠❡♥t❛r② ❝♦♠♠❡♥ts ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
❚❤❡ r❡s✉❧t ♦❢ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪ ✐s q✉♦t❡❞ ✐♥ ❝♦♥❝❧✉❞✐♥❣ ❙❡❝t✐♦♥ ✺✳
✷
✷✳ Pr❡❧✐♠✐♥❛r✐❡s
❈♦♥s✐❞❡r ❛♥ ❛✉t♦♥♦♠♦✉s ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ r❡t❛r❞❡❞ t②♣❡
❑♦❧♠❛♥♦✈s❦② ❛♥❞ ◆♦s♦✈ ❬✶✶❪✿
dx(t)/dt = f(xt), t ≥ 0, ✭✶✮
✇❤❡r❡ x ∈ Rn ❛♥❞ xt ∈ C[−τ,0] ✐s t❤❡ st❛t❡ ❢✉♥❝t✐♦♥✱ xt(s) = x(t+s), −τ ≤ s ≤ 0
✭✇❡ ❞❡♥♦t❡ ❜② C[−τ,0]✱ 0 < τ < +∞ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
φ : [−τ, 0] → Rn ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ||φ|| = sup−τ≤ς≤0 |φ(ς)|✱ ✇❤❡r❡ |·| ✐s t❤❡
st❛♥❞❛r❞ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✮❀ f : C[−τ,0] → Rn ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ f(0) = 0✳
❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✶✮ ✐♥❝❧✉❞❡s ♣♦✐♥t✇✐s❡ ♦r ❞✐str✐❜✉t❡❞ r❡t❛r❞❡❞ s②st❡♠s✳ ❲❡
❛ss✉♠❡ t❤❛t ✭✶✮ ❤❛s ❛ s♦❧✉t✐♦♥ x(t, x0) s❛t✐s❢②✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 ∈
C[−τ,0]✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ s♦♠❡ ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧ [−τ, T ) ✭✇❡ ✇✐❧❧ ✉s❡ t❤❡
♥♦t❛t✐♦♥ x(t) t♦ r❡❢❡r❡♥❝❡ x(t, x0) ✐❢ t❤❡ ♦r✐❣✐♥ ♦❢ x0 ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✮✳
❚❤❡ ✉♣♣❡r r✐❣❤t✲❤❛♥❞ ❉✐♥✐ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝✲
t✐♦♥❛❧ V : C[−τ,0] → R+ ❛❧♦♥❣ t❤❡ s②st❡♠ ✭✶✮ s♦❧✉t✐♦♥s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ❢♦r
❛♥② φ ∈ C[−τ,0]✿





[V (φh)− V (φ)],





φ(θ + h), θ ∈ [−τ,−h)
φ(0) + f(φ)(θ + h), θ ∈ [−h, 0].
❋♦r ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ V : Rn → R+ t❤❡ ✉♣♣❡r ❞✐r❡❝t✐♦♥❛❧
❉✐♥✐ ❞❡r✐✈❛t✐✈❡ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
D+V [xt(0)]f(xt) = lim
h→0+
sup
V [xt(0) + hf(xt)]− V [xt(0)]
h
.
❆ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ σ : R+ → R+ ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss K ✐❢ ✐t ✐s str✐❝t❧②
✐♥❝r❡❛s✐♥❣ ❛♥❞ σ (0) = 0❀ ✐t ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss K∞ ✐❢ ✐t ✐s ❛❧s♦ r❛❞✐❛❧❧② ✉♥✲
❜♦✉♥❞❡❞✳
✷✳✶✳ ❙t❛❜✐❧✐t② ❞❡✜♥✐t✐♦♥s
▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ C[−τ,0] ❝♦♥t❛✐♥✐♥❣ 0✳
❉❡✜♥✐t✐♦♥ ✶✳ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ x = 0 ♦❢ ✭✶✮ ✐s s❛✐❞ t♦ ❜❡
(a) st❛❜❧❡ ✐❢ t❤❡r❡ ✐s σ ∈ K s✉❝❤ t❤❛t ❢♦r ❛♥② x0 ∈ Ω✱ |x(t, x0)| ≤ σ(||x0||)
❢♦r ❛❧❧ t ≥ 0❀
✸
(b) ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✐❢ ✐t ✐s st❛❜❧❡ ❛♥❞ limt→+∞ |x(t, x0)| = 0 ❢♦r ❛♥②
x0 ∈ Ω❀
(c) ✜♥✐t❡✲t✐♠❡ st❛❜❧❡ ✐❢ ✐t ✐s st❛❜❧❡ ❛♥❞ ❢♦r ❛♥② x0 ∈ Ω t❤❡r❡ ❡①✐sts 0 ≤
T x0 < +∞ s✉❝❤ t❤❛t x(t, x0) = 0 ❢♦r ❛❧❧ t ≥ T x0 ✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ T0(x0) =
inf{T x0 ≥ 0 : x(t, x0) = 0 ∀t ≥ T x0} ✐s ❝❛❧❧❡❞ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ s②st❡♠
✭✶✮✳
■❢ Ω = C[−τ,0]✱ t❤❡♥ t❤❡ ♦r✐❣✐♥ ✐s ❝❛❧❧❡❞ ❣❧♦❜❛❧❧② st❛❜❧❡✴❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✴✜♥✐t❡✲
t✐♠❡ st❛❜❧❡✳
❋♦r t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❛♥❛❧②s✐s ✇❡ ✇✐❧❧ ♥❡❡❞ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ t❤❡♦r❡♠✱
✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜❡❧♦✇ ✭✇❡ ❤❛✈❡ ❛❞❛♣t❡❞ t♦ ♦✉r ❝❛s❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ●✉ ❡t ❛❧✳
❬✼❪✱ ✇❤❡r❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✮✳
❚❤❡♦r❡♠ ✶✳ ●✉ ❡t ❛❧✳ ❬✼❪ ▲❡t α1, α2 ∈ K ❛♥❞ η : R+ → R+ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s
♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ V : Rn →
R s✉❝❤ t❤❛t
α1(|x|) ≤ V (x) ≤ α2(|x|) ∀x ∈ Rn
❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ V ❛❧♦♥❣ ❛ s♦❧✉t✐♦♥ x(t) ♦❢ ✭✶✮ s❛t✐s✜❡s
D+V [x(t)]f(xt) ≤ −η(|x(t)|) if V [x(t+ θ)] ≤ V [x(t)] ✭✷✮
❢♦r θ ∈ [−τ, 0]✱ t❤❡♥ ✭✶✮ ✐s st❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥✳
■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ η ∈ K ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥
p(s) > s ❢♦r s > 0 s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✮ ✐s str❡♥❣t❤❡♥❡❞ t♦
D+V [x(t)]f(xt) ≤ −η(|x(t)|) if V [x(t+ θ)] ≤ p{V [x(t)]}
❢♦r θ ∈ [−τ, 0]✱ t❤❡♥ ✭✶✮ ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥✳
■❢ ✐♥ ❛❞❞✐t✐♦♥ α1 ∈ K∞✱ t❤❡♥ ✭✶✮ ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳
✷✳✷✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ✐♥ t✐♠❡✲❞❡❧❛② s②st❡♠s
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s st❛t❡❞ ✐♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪ ❛s ▲❡♠♠❛ ✶ ✭❛♥ ❡①t❡♥s✐♦♥ ♦❢
t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ♠❡t❤♦❞ ❢♦r ❛♥❛❧②s✐s ♦❢ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ✐♥ ✭✶✮✮✿
✏❈♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✮ ✇✐t❤ f(φ) = F (φ(0), φ(−τ))✱ φ ∈ Ω✱ F (0, 0) = 0
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ ❢♦r✇❛r❞ t✐♠❡✳ ■❢ t❤❡r❡ ❡①✐st r❡❛❧ ♥✉♠❜❡rs
β > 1✱ k > 0✱ ❛ ❈❧❛ss✲K ❢✉♥❝t✐♦♥ σ ❛♥❞ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥✱
V (x)✱ ♦❢ t❤❡ s②st❡♠ ✭✶✮ s✉❝❤ t❤❛t
σ(|x|) ≤ V (x),
V̇ ≤ −kV β−1(x), x ∈ Ω ✭✸✮
❤♦❧❞ ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ s②st❡♠ ✇❤❡♥❡✈❡r V [x(t + θ)] ≤ V [x(t)] ❢♦r θ ∈
[−τ, 0]✱ t❤❡♥ t❤❡ s②st❡♠ ✭✶✮ ✐s ✜♥✐t❡✲t✐♠❡ st❛❜❧❡✳ ■❢ Ω = Rn ❛♥❞ σ ✐s ❛ ❈❧❛ss✲K∞
❢✉♥❝t✐♦♥✱ t❤❡♥ t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧❧② ✜♥✐t❡✲t✐♠❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ s②st❡♠
✹
✭✶✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧






❢♦r ❛❧❧ t ≥ 0✳✑
❋♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ t❤❡ ✏♣r♦♦❢✑ ♦❢ t❤✐s ❧❡♠♠❛ ❢r♦♠ ❨❛♥❣
❛♥❞ ❲❛♥❣ ❬✶✾❪✿
✏❙✐♥❝❡ V (x) ✐s ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠ ✭✶✮✱ ❛♣♣❧②✐♥❣ ❘❛③✉♠✐❦❤✐♥
❚❤❡♦r❡♠ ●✉ ❡t ❛❧✳ ❬✼❪✱ ✐t ✐s ❡❛s② t♦ ❦♥♦✇ t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s ❛s②♠♣t♦t✐❝❛❧❧②
st❛❜❧❡ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛✳ ◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t T0(φ) <









✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t T0(φ) ≤ βk(β−1)V
β−1
β [φ] ❢♦r ❛❧❧ t ≥ 0✳ ❚❤✉s✱ t❤❡ ♣r♦♦❢ ✐s
❝♦♠♣❧❡t❡❞✳✑
■♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽❪ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ t✐♠❡✲✈❛r②✐♥❣
s②st❡♠ ✭✶✮ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t❛t✐♦♥✳
✸✳ ❈♦♠♠❡♥ts ♦♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪
❲❡ ❝❧❛✐♠ t❤❛t ▲❡♠♠❛ ✶ ✐♥ ❨❛♥❣ ❛♥❞❲❛♥❣ ❬✶✾❪ ✐s ✐♥❝♦rr❡❝t ❛s st❛t❡❞✳ ■♥❞❡❡❞✱
❛s ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✶✱ ▲❡♠♠❛ ✶ ✐♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣
❬✶✾❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ♦♥❧② st❛❜✐❧✐t② ✭♥♦♥ ❛s②♠♣t♦t✐❝✮ t♦
❜❡ ❝♦♥❝❧✉❞❡❞✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ✇❡ ✇♦✉❧❞ ❛s❦ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✮ t♦ ❜❡ s❛t✐s✜❡❞
✇❤❡♥❡✈❡r V [φ(θ)] ≤ p{V [φ(0)]} ❢♦r ❛❧❧ θ ∈ [−τ, 0]✱ ✇❤❡r❡ p : R+ → R+ ✐s
❛ ❝♦♥t✐♥✉♦✉s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t p(s) > s ❢♦r ❛❧❧ s > 0✱ t❤❡♥
♦♥❧② ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ ❝❧❛✐♠ ❛❜♦✉t
❛ ✜♥✐t❡✲t✐♠❡ ❝♦♥✈❡r❣❡♥❝❡ st❛②s ✇r♦♥❣ s✐♥❝❡ ❢♦r ❛ s♦❧✉t✐♦♥ x(t, x0) ✇✐t❤ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ x0 ∈ Ω t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❝♦♥❞✐t✐♦♥ ✭✸✮ ❞❡✜♥❡s t❤❡ r❛t❡ ♦❢
❝♦♥✈❡r❣❡♥❝❡ ♦❢ V ♦♥❧② ❢♦r t❤❡ s❡t ♦❢ t✐♠❡ ✐♥st❛♥ts
❚+x0 =
{
t ∈ R+ : sup
θ∈[−τ,0]
V [x(t+ θ, x0)] ≤ p{V [x(t, x0)]}
}
✇❤✐❧❡ ❢♦r t ∈ ❚−x0 ✇✐t❤
❚−x0 =
{
t ∈ R+ : sup
θ∈[−τ,0]











❋✐❣✉r❡ ✶✿ ❆ tr❛❥❡❝t♦r② ♦❢ t❤❡ ❝♦✉♥t❡r❡①❛♠♣❧❡ ✭✹✮
t❤❡r❡ ✐s ♥♦ r❡str✐❝t✐♦♥ ♦♥ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ V ✳ ■t ✐s ❡①❛❝t❧② t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞
✐♥ t❤❡ ✏♣r♦♦❢✑ ♦❢ ▲❡♠♠❛ ✶ ❢r♦♠ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪ ❣✐✈❡♥ ❛❜♦✈❡✿ ❛ ✜♥✐t❡✲t✐♠❡
r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡st❛❜❧✐s❤❡❞ ❢♦r t ∈ ❚+x0 ♦♥❧②✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t s✉✣❝✐❡♥t
s✐♥❝❡✱ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✱ ✐❢ V [x(t)] ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ t❤❡♥ ❚−x0 = [0,+∞)✳
❋♦r ❛♥♦t❤❡r ✐❧❧✉str❛t✐♦♥ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r❡①❛♠♣❧❡✿
ẋ(t) = −|2x(t)− x(t− τ)|0.5s✐❣♥[2x(t)− x(t− τ)]. ✭✹✮





2|x|1.5 = −kV β−1 ✐❢ V [x(t− τ)] ≤ 2V [x(t)]




2 23/4✳ ❚❤✉s✱ ❜② ❚❤❡♦r❡♠ ✶ t❤❡ s②st❡♠ ✐s ❣❧♦❜❛❧❧②
❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✱ ❛♥❞ ❢r♦♠ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪ s✐♥❝❡ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢
▲❡♠♠❛ ✶ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪ ❛r❡ ❛❧s♦ s❛t✐s✜❡❞✱ ♦♥❡ ✇♦✉❧❞ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
s②st❡♠ ✐s ✜♥✐t❡✲t✐♠❡ st❛❜❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x0 ∈ C[−τ,0]
s✉❝❤ t❤❛t |x0(0)| ≤ 1 t❤❡ s❡tt❧✐♥❣ t✐♠❡ ❢✉♥❝t✐♦♥ ✇♦✉❧❞ ♣♦ss❡ss t❤❡ ❡st✐♠❛t❡✿
T0(x0) ≤ 3.





2δ, s ∈ [−τ,−τ + 3]
δ
3−τ s+ δ, s ∈ (−τ + 3, 0]
.
❖❜✈✐♦✉s❧②✱ ẋ(t, x0) = 0 ❛♥❞ x(t, x0) = x0(0) = δ 6= 0 ❢♦r ❛❧❧ t ∈ [0, T0(x0)]✱
t❤❡r❡❢♦r❡ t❤❡ ❣✐✈❡♥ s❡tt❧✐♥❣ t✐♠❡ ❡st✐♠❛t❡ ✐s ✐♥✈❛❧✐❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ r❡s✉❧ts ♦❢
t❤❡ s②st❡♠ s✐♠✉❧❛t✐♦♥ ❢♦r x0(s) = 1 ❢♦r s ∈ [−τ, 0] ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ❢♦r τ = 4
❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ st❡♣ h = 10−5✳ ❈❧❡❛r❧② t❤❡ s②st❡♠ ✐s ♥♦t ✜♥✐t❡✲t✐♠❡ st❛❜❧❡
❛♥❞ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ❡st✐♠❛t❡ ✐s ✇r♦♥❣✳
❆ ♣❡❝✉❧✐❛r✐t② ♦❢ t❤❡ ▲②❛♣✉♥♦✈✲❘❛③✉♠✐❦❤✐♥ ❝♦♥❞✐t✐♦♥s ♦❢ st❛❜✐❧✐t② ✐s t❤❛t t❤❡②
✻
❛r❡ ❞❡❧❛②✲✐♥❞❡♣❡♥❞❡♥t ✭s❡❡ ❚❤❡♦r❡♠ ✶✮✱ t❤✉s t❤❡ ❡st✐♠❛t❡ ♦♥ t❤❡ s❡tt❧✐♥❣ t✐♠❡
T0(x0) ♦❜t❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✶ ♦❢ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪ ✐s ❛❧s♦ ❞❡❧❛② ✐♥❞❡♣❡♥❞❡♥t✳
❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❡❧❡❝t ❞❡❧❛② ✈❛❧✉❡ τ ❢♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
x0 ∈ C[−τ,0] s✉❝❤ t❤❛t T0(x0) < τ ✱ ❛s ✐t ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝♦✉♥t❡r❡①❛♠✲
♣❧❡ ❛❜♦✈❡✳ ❖❜✈✐♦✉s❧②✱ ❝♦♥✈❡r❣❡♥❝❡ t♦ ③❡r♦ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ t❤❡ ♣❛rt ♦❢ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s x0(t) ✇✐t❤ t ∈ [T0(x0)−τ, 0] ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✉♥❞❡r s♣❡❝✐❛❧ r❡str✐❝t✐♦♥s
♦♥ f ✐♥ ✭✶✮✱ ✇❤✐❝❤ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❛♥❛❧②③❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
✹✳ ❆❜♦✉t ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ✐♥ t✐♠❡✲❞❡❧❛②
s②st❡♠s
❆ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s ✜♥✐t❡✲t✐♠❡ st❛❜❧❡ ❢♦r s♦♠❡ τ > 0 ❛♥❞ t❤❡
s❡tt❧✐♥❣✲t✐♠❡ ❢✉♥❝t✐♦♥❛❧ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ T0(0) = 0✳ ❚❤❡♥ t❤❡r❡ ✐s x0 ∈ C[−τ,0]
s✉❝❤ t❤❛t T0(x0) ≤ τ ❛♥❞ ❛t t❤❡ ✐♥st❛♥t T0(x0) t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✮ ✐s st✐❧❧
❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x0✳ ❚❤✉s✱ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s
♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ f(xt) ❛♥❞ ✐ts ❞❡♣❡♥❞❡♥❝❡ ♦♥ xt(0)✱ ♦r ✇✐t❤♦✉t s❦✐♣♣✐♥❣
t❤❡ ❝♦♥t✐♥✉✐t② r❡q✉✐r❡♠❡♥t ♦❢ T0(x0)✱ ❛♥ ❡①✐st❡♥❝❡ ♦❢ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ♣❤❡✲
♥♦♠❡♥♦♥ ❢♦r t✐♠❡✲❞❡❧❛② s②st❡♠s ✐s q✉❡st✐♦♥❛❜❧❡✳
■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r
f(φ) = F (φ(0), φ(−τ))
❢♦r ❛❧❧ φ ∈ Ω✱ ✇❤❡r❡ F : R2n → Rn ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❖✉r ❝♦♥❥❡❝t✉r❡
✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ F (0, z) = 0 ❢♦r ❛♥② z ∈ Rn ✐s ✏♥❡❝❡ss❛r②✑ ❢♦r ❛ ✜♥✐t❡✲t✐♠❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✭✶✮ ❢r♦♠ Ω t♦ t❤❡ ♦r✐❣✐♥✳
❘❡♠❛r❦ ✶✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ str❡ss t❤❛t r❡q✉✐r❡♠❡♥t ♦♥ ❝♦♥t✐♥✉✐t② ♦❢ F ✐s ❝r✉❝✐❛❧
❢♦r t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ❜❡❧♦✇✳ ■♥❞❡❡❞ ✐♥ ❞✐s❝♦♥t✐♥✉♦✉s t✐♠❡✲❞❡❧❛② s②st❡♠s t❤❡
✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ♠❛② ❜❡ ❡❛s✐❧② ♦❜s❡r✈❡❞ ✇✐t❤♦✉t s✉❝❤ ❛ r❡str✐❝t✐♦♥ ♦♥ F ✳ ❋♦r
❡①❛♠♣❧❡✱ ✐t ✐s ❛ s✐♠♣❧❡ ❡①❡r❝✐s❡ t♦ ❝❤❡❝❦ t❤❛t t❤❡ s②st❡♠
ẋ(t) = −(1 + |x(t− τ)|)s✐❣♥[x(t)] + x(t− τ)
✐s ❣❧♦❜❛❧❧② ✜♥✐t❡✲t✐♠❡ st❛❜❧❡ ✭t❛❦❡ V (x) = 0.5x2✱ V̇ ≤ −
√
2V ❛♥❞ ❛♣♣❧② ❛ ✈❛r✐❛♥t
♦❢ Pr♦♣♦s✐t✐♦♥ ✷✮✳ ■♥ t❤✐s ❞✐s❝♦♥t✐♥✉♦✉s ❝❛s❡ 0 ∈ F (0, z) ❢♦r ❛♥② z ∈ Rn✳
◆♦t❡ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✜♥✐t❡✲t✐♠❡ ❝♦♥✈❡r❣❡♥❝❡ x(t, x0) = 0 ❢♦r ❛❧❧
t ≥ T0(x0) ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T0(x0) t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② s❡t ♦❢ t✐♠❡
✐♥st❛♥ts
Tx0 = {t ∈ [T0(x0)− τ, T0(x0)] : x(t, x0) 6= 0}.
✼
Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t ✭✶✮ ❜❡ ✜♥✐t❡✲t✐♠❡ ❝♦♥✈❡r❣❡♥t ✐♥ Ω✱ t❤❡♥
∀t ∈ Tx0 : F [0, x(t, x0)] = 0 ✭✺✮
❢♦r ❛♥② x0 ∈ Ω✳
Pr♦♦❢✳ ❚❛❦❡ x0 ∈ Ω ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡tt❧✐♥❣ t✐♠❡ T0(x0)✳ ❆ss✉♠❡ t❤❛t
t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✭✺✮ ✐s ♥♦t s❛t✐s✜❡❞✱ ✐ts ♥❡❣❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❢♦r s♦♠❡
x0 ∈ Ω t❤❡r❡ ❡①✐sts t′ ∈ Tx0 s✉❝❤ t❤❛t F (0, x(t′, x0)) 6= 0 ✭t❤❡ ♠❡❛s✉r❡ ♦❢ Tx0
✐s ♥♦t ③❡r♦ s✐♥❝❡ x(t) ❛♥❞ F ❜♦t❤ ❛r❡ ❝♦♥t✐♥✉♦✉s✮✱ t❤❡♥ ẋ(t′ + τ) 6= 0 ❛♥❞
x(t, x0) 6= 0 ❢♦r s♦♠❡ t ≥ T0(x0) t❤❛t ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❆ s✐♠♣❧❡✱ ❜✉t ♥♦t ❡q✉✐✈❛❧❡♥t✱ ✇❛② t♦ ❝❤❡❝❦ t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ ♣r❛❝t✐❝❡ ✐s t♦
✈❡r✐❢② t❤❛t
F (0, z) = 0 ✭✻✮
❢♦r ❛♥② z ∈ Rn✳ ■♥ ❑♦❧♠❛♥♦✈s❦✐✐ ❛♥❞ ▼②s❤❦✐s ❬✶✵❪✱ ❛ s✐♠✐❧❛r ✏♥❡❝❡ss❛r②✑ ❝♦♥✲
❞✐t✐♦♥ ❤❛s ❜❡❡♥ ✐♥❞✐❝❛t❡❞ ❢♦r t❤❡ ❊❧✬s❣♦❧✬ts ❛♣♣r♦❛❝❤ ❊❧✬s❣♦❧✬ts ❛♥❞ ◆♦r❦✐♥ ❬✺❪✳
■♥❞❡❡❞✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ n = 1✱ t❛❦❡ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V (x) = 0.5x2✱ ✇❤✐❝❤
✐s ❛ r❡❛s♦♥❛❜❧❡ ❝❤♦✐❝❡ ❢♦r t❤❡ s❝❛❧❛r ❝❛s❡✳ ❲❡ ❤❛✈❡ V̇ (t) = x(t)F [x(t), x(t−τ)]✱ ✐❢
t❤❡ ✐♥❡q✉❛❧✐t② V̇ (t) ≤ 0 ✐s s❛t✐s✜❡❞ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✱ t❤❡♥ ✇❡ ♥❡❝❡ss❛r✐❧② ♦❜t❛✐♥
✭✻✮✳
■♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✽✱ ✶✾❪ t❤❡ r❡str✐❝t✐♦♥ F (0, 0) = 0 ❤❛s ❜❡❡♥ ✐♠♣♦s❡❞ t❤❛t
✐s ♥♦t s✉✣❝✐❡♥t✳
✺✳ ❉✐s❝✉ss✐♦♥
❋✐♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t✐♠❡✲❞❡❧❛② s②st❡♠s✱ ❜✉t ♦♥❧② ✉♥❞❡r
r❛t❤❡r str♦♥❣ r❡str✐❝t✐♦♥s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ♠♦st ❣❡♥❡r❛❧
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪✿
Pr♦♣♦s✐t✐♦♥ ✷✳ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪ ▲❡t s②st❡♠ ✭✶✮ ❤❛✈❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥s ✐♥
❢♦r✇❛r❞ t✐♠❡✳ ■❢ t❤❡r❡ ❡①✐st ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ V : Ω → R+✱ ǫ > 0 ❛♥❞ t✇♦




r(z) < +∞ ❛♥❞ ❢♦r
❛❧❧ φ ∈ Ω
α(|φ(0)|) ≤ V (φ), D+V (φ) ≤ −r[V (φ)],








❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❤❛s ❜❡❡♥ ❣✐✈❡♥ ✐♥ ▼♦✉❧❛② ❡t ❛❧✳ ❬✶✷❪ ❢♦r ❛♥② 0 < α < 1✿
ẋ(t) = −|x(t)|αs✐❣♥[x(t)]{1 + x(t− τ)2}. ✭✼✮
✽
❯s✐♥❣ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ V (φ) = 0.5φ(0)2 ✇✐t❤ V̇ (φ) ≤ −2 1+α2 V 1+α2 (φ)
t❤❡ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✳ ◆♦t❡ t❤❛t ❢♦r t❤✐s ❡①❛♠♣❧❡ t❤❡
✏♥❡❝❡ss❛r②✑ ❝♦♥❞✐t✐♦♥ ✭✻✮ ✐s s❛t✐s✜❡❞✳
❚❤❡ s②st❡♠ ✭✼✮ ✐s ❛♥ ❡①❛♠♣❧❡✱ ✇❤❡r❡ t❤❡ ❊❧✬s❣♦❧✬ts✬ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
✭V (φ) = 0.5φ(0)2 ✐s ✐♥ ❢❛❝t ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥✮✳ ◆♦t❡ t❤❛t t❤❡ r❡s✉❧t ♦❢ ▲❡♠♠❛
✶ ✐♥ ❨❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✾❪ ✇✐t❤♦✉t t❤❡ ❘❛③✉♠✐❦❤✐♥ ❝♦♥❞✐t✐♦♥ ✭✏✇❤❡♥❡✈❡r✳✳✳✑✮ ✐s
❝♦rr❡❝t ❛♥❞ ✐♥ t❤✐s ❝❛s❡ ✐t ✐s ❛❧s♦ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ■♥ s✉❝❤ ❛ r❡✲
❢♦r♠✉❧❛t✐♦♥ t❤❡ r❡s✉❧t ❡①t❡♥❞s ❊❧✬s❣♦❧✬ts ❛♥❞ ◆♦r❦✐♥ ❬✺❪ t♦ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t②✱
❛s ✇❡❧❧ ❛s t❤❡ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t② r❡s✉❧ts ♦❢ ❘♦①✐♥ ❬✶✼❪ t♦ t✐♠❡✲❞❡❧❛② s②st❡♠s✳
❆❝❦♥♦✇❧❡❞❣♠❡♥t
❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ●♦✈❡r♥♠❡♥t ♦❢ ❘✉ss✐❛♥ ❋❡❞❡r❛t✐♦♥
✭●r❛♥t ✵✼✹✲❯✵✶✮✱ t❤❡ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❙❝✐❡♥❝❡ ♦❢ ❘✉ss✐❛♥ ❋❡❞❡r❛t✐♦♥
✭Pr♦❥❡❝t ✶✹✳❩✺✵✳✸✶✳✵✵✸✶✮ ❛♥❞ ❜② ■sr❛❡❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✭❣r❛♥t ◆♦ ✼✺✹✴✶✵✮✳
❬✶❪ ❆♥❞r✐❡✉✱ ❱✳✱ Pr❛❧②✱ ▲✳✱ ❆st♦❧✜✱ ❆✳✱ ✷✵✵✽✳ ❍♦♠♦❣❡♥❡♦✉s ❛♣♣r♦①✐♠❛t✐♦♥✱ r❡✲
❝✉rs✐✈❡ ♦❜s❡r✈❡r ❞❡s✐❣♥✱ ❛♥❞ ♦✉t♣✉t ❢❡❡❞❜❛❝❦✳ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✐③❛✲
t✐♦♥ ✹✼ ✭✹✮✱ ✶✽✶✹✕✶✽✺✵✳
❬✷❪ ❇❤❛t✱ ❙✳✱ ❇❡r♥st❡✐♥✱ ❉✳✱ ✷✵✵✺✳ ●❡♦♠❡tr✐❝ ❤♦♠♦❣❡♥❡✐t② ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s
t♦ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t②✳ ▼❛t❤❡♠❛t✐❝s ♦❢ ❈♦♥tr♦❧✱ ❙✐❣♥❛❧s ❛♥❞ ❙②st❡♠s ✶✼✱
✶✵✶✕✶✷✼✳
❬✸❪ ❈❤✐❛ss♦♥✱ ❏✳✱ ▲♦✐s❡❛✉✱ ❏✳ ✭❊❞s✳✮✱ ✷✵✵✼✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❚✐♠❡ ❉❡❧❛② ❙②st❡♠s✳
❱♦❧✳ ✸✺✷ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♥tr♦❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙❝✐❡♥❝❡s✳ ❙♣r✐♥❣❡r✳
❬✹❪ ❉♦r❛t♦✱ P✳✱ ✷✵✵✻✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ ✜♥✐t❡✲t✐♠❡ st❛❜✐❧✐t②✳ ■♥✿ ▼❡♥✐♥✐✱ ▲✳✱ ❩❛✲
❝❝❛r✐❛♥✱ ▲✳✱ ❆❜❞❛❧❧❛❤✱ ❈✳ ❚✳ ✭❊❞s✳✮✱ ❈✉rr❡♥t ❚r❡♥❞s ✐♥ ◆♦♥❧✐♥❡❛r ❙②st❡♠s
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❇♦st♦♥✱ ♣♣✳ ✶✽✺✕✶✾✹✳
❬✺❪ ❊❧✬s❣♦❧✬ts✱ ▲✳✱ ◆♦r❦✐♥✱ ❙✳✱ ✶✾✼✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ t❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥
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❬✻❪ ❊r♥❡✉①✱ ❚✳✱ ✷✵✵✾✳ ❆♣♣❧✐❡❞ ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✱ ◆❨✳
❬✼❪ ●✉✱ ❑✳✱ ❑❤❛r✐t♦♥♦✈✱ ❑✳✱ ❈❤❡♥✱ ❏✳✱ ✷✵✵✸✳ ❙t❛❜✐❧✐t② ♦❢ ❚✐♠❡✲❉❡❧❛② ❙②st❡♠s✳
❈♦♥tr♦❧ ❊♥❣✐♥❡❡r✐♥❣✳ ❇✐r❦❤ä✉s❡r✱ ❇♦st♦♥✳
✾
❬✽❪ ❍❛❧❡✱ ❏✳✱ ✶✾✼✼✳ ❚❤❡♦r② ♦❢ ❋✉♥❝t✐♦♥❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✲
❱❡r❧❛❣✳
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